Abstract. Let G k be the gauge group of the principal SU (4)-bundle over S 4 with second Chern class k and let p be a prime. We show that there is a rational or p-local homotopy equivalence ΩG k ≃ ΩG k ′ if and only if (60, k) = (60, k ′ ).
is homotopy equivalent to Ω The order of ∂ k plays a crucial role. By [14] , the triple adjoint S 3 ∧ G −→ G of ∂ k is homotopic to the Samelson product k · i, 1 , where i is the inclusion of S 3 into G and 1 is the identity map on G. This implies two things. First, the order of ∂ k is finite. For, rationally, G is homotopy equivalent to a product of Eilenberg-MacLane spaces and the homotopy equivalence can be chosen to be one of H-maps. Since Eilenberg-MacLane spaces are homotopy commutative, any Samelson product into such a space is null homotopic. Thus, rationally, the adjoint of ∂ k is null homotopic, implying that the same is true for ∂ k and therefore the order of ∂ k is finite. Second, the linearity of the Samelson product implies that k · i, 1 ≃ k • i, 1 , so taking adjoints we obtain ∂ k ≃ k • ∂ 1 .
Thus the order of ∂ k is determined by the order of ∂ 1 . When G = SU (n), Hamanaka and Kono [9] gave the following lower bound on the order of ∂ 1 and the number of homotopy types of G k .
Lemma 2.1. Let G = SU (n). Then the following hold:
(a) the order of ∂ 1 is divisible by n(n 2 − 1);
The calculation in [9] that established Lemma 2.1 was that a composite Σ 2n−5 CP 2 −→ SU (n)
∂1
−→ Ω 3 0 SU (n) has order n(n 2 −1). The adjoint of this map has the same order, so we obtain the following alternative formulation.
Lemma 2.2. Let G = SU (n). Then the following hold:
(a) the order of Ω∂ 1 is divisible by n(n 2 − 1);
In particular, if G = SU (4) then 60 divides the order of Ω∂ 1 and a homotopy equivalence ΩG k ≃ ΩG k ′ implies that (60, k) = (60, k ′ ). In Section 6 we will find an upper bound on the order of Ω∂ 1 that matches the lower bound. 3. An initial upper bound on the 2-primary order of ∂ 1
For the remainder of the paper all spaces and maps will be localized at 2 and homology will be taken with mod-2 coefficients. Note that some statements that follow are valid wilthout localizing, such as Theorems 4.1 and 4.2, but rather than dancing back and forth between local and non-local statements we simply localize at 2 throughout.
In [3] , or by different means in [10] , it was shown that there is a homotopy commutative square
for some map f , where π is the standard quotient map. In our case it is well known that there is a
Thus there is a homotopy commutative square (2)
Taking the triple adjoint of f , we obtain a map
Mimura and Toda [16] calculated the homotopy groups of SU (4) through a range. The 2-primary components of π 8 (SU (4)), π 10 (SU (4)) and π 15 (SU (4)) are Z/8Z, Z/8Z ⊕ Z/2Z and Z/8Z ⊕ Z/2Z, respectively. Consequently, the order of f ′ is bounded above by 8. The order of f is therefore also bounded above by 8. The homotopy commutativity of (2) then implies the following. Ideally it should be possible to reduce this upper bound by a factor of two. The remainder of the paper aims to show that this can be done after looping.
A cofibration
The homotopy groups of spheres will play an important role. In all cases except one we follow Toda's notation [23] . Specifically, (i) for n ≥ 3, η n = Σ n−3 η 3 represents the generator of
represents the n−3 fold suspension of the generator ν
By (2), the map SU (4)
. In this section we determine properties of the map π and its homotopy cofibre. To prepare, first recall some properties of SU (4). There is an algebra isomorphism H * (SU (4)) ∼ = Λ(x, y, z), where the degrees of x, y, z are 3, 5, 7 respectively. A Z/2Z-module basis for H * (SU (4)) is therefore {x, y, z, xy, xz, yz, xyz} in degrees {3, 5, 7, 8, 10, 12, 15} respectively, so SU (4) may be given a CWstructure with one cell in each of those dimensions. There is a canonical map ΣCP 3 −→ SU (4) which induces a projection onto the generating set in cohomology. Notice that ΣCP 3 is homotopy equivalent to the 7-skeleton of SU (4), and there is a homotopy cofibration
Miller [15] gave a stable decomposition of Stiefel manifolds which includes the following as a special case.
There is a stable homotopy equivalence
where M is given by the homotopy cofibration
Crabb [4] and Kitchloo [12] refined the stable decomposition of Stiefel manifolds and proved that it was natural for maps SU (n) −→ SU (n)/SU (m). In our case, this gives the following.
Theorem 4.2. Stably, there is a homotopy commutative diagram
where π is the wedge sum of: (i) the map ΣCP 3 −→ S 5 ∨ S 7 that collapses the bottom cell, (ii) the pinch map M − − → S 12 to the top cell, and (iii) the trivial map S 15 −→ * . Now define the space C and maps j and δ by the homotopy cofibration
Since π * is an inclusion onto the subalgebra Λ(y, z) of Λ(x, y, z) ∼ = H * (SU (4)), the long exact sequence in cohomology induced by the cofibration sequence (4) implies that a Z/2Z-module basis for H * (C) is given by {σx, σxy, σxz, σxyz} in degrees {4, 9, 11, 16} respectively, where the elements of H * (C) have been identified with the image of δ * . So as a CW -complex, C has one cell in each of the dimensions {4, 9, 11, 16}. The stable homotopy type of C and the stable class of the map j follow immediately from Theorem 4.2.
Proposition 4.3. Stably, there is a homotopy commutative diagram
where j is the wedge sum of:
The stable decomposition of C will be useful but we will ultimately need to work with unstable information in the form of the homotopy type of Σ 3 C and the homotopy class of Σ 3 j. We start with the homotopy type of Σ 3 C. In general, for a CW -complex X and positive integer m, let X m be the m-skeleton of X. In our case, the CW -structure for C implies that there are homotopy cofibrations
Proof. By [23] , π 10 (S 6 ) = 0, so the map Σ 2 g 1 in (5) is null homotopic. The asserted homotopy equivalence for Σ 2 (C 9 ) follows immediately.
Lemma 4.5. There is a homotopy equivalence
Proof. Substituting the homotopy equivalence in Lemma 4.4 into the double suspension of (6) gives
where a and b are obtained by composing Σ 2 g 2 with the pinch maps to S 6 and S 11 respectively. We claim that each of a and b is null homotopic, implying that Σ 2 g 2 is null homotopic, from which the asserted homotopy equivalence for Σ 2 (C 11 ) follows immediately.
By Proposition 4.3, C is stably homotopy equivalent to a wedge of spheres, and therefore C 11 is too. Thus g 2 is stably trivial, implying for dimensional reasons that a and b are as well. On the other hand, a and b are represented by classes in π 12 (S 6 ) ∼ = Z/2Z and π 12 (S 11 ) ∼ = Z/2Z respectively.
By [23] , these groups are generated by ν 2 6 and η 11 , both of which are stable. Thus the only way that a and b can be stably trivial is if both are already trivial. Hence Σ 2 g 2 is null homotopic. 
Proof. Substituting the homotopy equivalence in Lemma 4.5 into the double suspension of (7) gives 
Here, w is the Whitehead product of the identity maps on S 6 and S 11 . As Σw is null homotopic, we instead consider
where Σ 3 g 3 ≃ Σa + Σb + Σc.
By 
, from which the asserted homotopy decomposition of Σ 3 C follows.
Next, we identify Σ 3 j. Let
be the inclusion of the bottom cell.
There is a homotopy commutative diagram
where a, b and c respectively are the composites 
then the diagram in the statement of the lemma homotopy commutes with c replaced by c ′′ .
More can be said. By [23] (stated later also in (9)), π 15 (S 7 ) ∼ = Z/2Z⊕Z/2Z⊕Z/2Z with generators σ ′ ν 14 ,ν 7 and ǫ 7 . Thus ψ ′′ = t · σ ′ ν 14 + u ·ν 7 + v · ǫ 7 for some t, u, v ∈ Z/2Z. The generatorsν 7 and ǫ 7
are stable while σ ′ ν 14 is unstable. So as c ′′ stabilizes to c, we must have ψ ′′ stabilizing to the trivial map. Thus u and v must be zero. Hence ψ ′′ = t · σ ′ ν 14 . Now c ′′ is exactly the map c described in the statement of the lemma.
Preliminary information on the homotopy groups of SU (4)
This section records some information on the homotopy groups of SU (4) which will be needed subsequently. There is a homotopy fibration
This induces a long exact sequence of homotopy groups
is a generator of π n (SU (4)) with the property that q * ([α ⊕ β]) = α ⊕ β for α ∈ π n (S 5 ) and β ∈ π n (S 7 ). The homotopy groups of SU (4) in low dimensions were determined by Mimura and Toda [16] .
The information presented will be split into two parts, the first corresponding to subsequent calculations involving π 8 (SU (4)) and π 10 (SU (4)), and the second corresponding to calculations involving π 15 (SU (4)).
First, for r ≥ 1, let 2 r : S 7 −→ S 7 be the map of degree 2 r . In general, the degree two map on S 2n+1 need not induce multiplication by 2 in homotopy groups. However, as S 7 is an H-space, the degree 2 map on S 7 is homotopic to the 2 nd -power map, implying that it does in fact induce multiplication by 2 in homotopy groups. We record this for later use. 
In addition, Mimura and Toda [16, Lemma 6.
is an epimorphism for n ∈ {8, 10}, implying the following.
is an injection for n ∈ {8, 10}.
Toda [23] proved the following relations in the homotopy groups of spheres.
Lemma 5.3. The following hold:
(a) 2ν Lemma 5.4. There are homotopy commutative diagrams
Proof. By Lemma 5.2, π n (SU (4))
is an injection for n ∈ {8, 10}. So in both cases it suffices to show that the asserted homotopies hold after composition with SU (4)
Since the composite
× 2, the two assertions will follow if we prove:
. Since η 7 has order 2 we obtain 2 • η 7 ≃ * . By Lemma 5.3 (a), 2ν
. Thus (i) and (ii) reduce to proving:
The top square homotopy commutes since the multiplications in [S 8 , SU ( Next, consider the diagram
The two squares homotopy commute as in the previous case. By Lemma 5.6, 4ν 7 ≃ η , and so (ii ′ ) holds.
5.2. Dimension 15. The relevant table of homotopy groups from [16] is:
epimorphism, implying the following.
Lemma 5.5. The map π 15 (SU (4))
is an injection.
The next table gives some information on the 2-primary components of selected homotopy groups of spheres that were determined by Toda [23] :
In addition, Toda [23] proved the following relations (the proofs are scattered through Toda's book but a summary list can be found in [17, Equations 1.1 and 2.1]).
Lemma 5.6. The following hold:
Lemma 5.6 is used to obtain two more relations.
Lemma 5.7. The following hold:
Proof. In what follows, we freely use the fact that the relations in Lemma 5.6 imply analogous relations for their suspensions; for example, η 5ν6 = ν We now determine the homotopy classes of two maps into SU (4).
Lemma 5.8. The following hold:
Proof. By Lemma 5.5, π 15 (SU (4))
is an injection. So in both cases it suffices to show that the assertions hold after composition with SU (4)
By Lemma 5.1, the degree two map on S 7 induces multiplication by 2 on homotopy groups, so as bothν 7 and σ ′ η 14 have order 2, it suffices to prove:
Part (a ′′ ) is the statement of Lemma 5.7 (a) and part (b ′′ ) is immediate from Lemma 5.7 (b).
One consequence of Lemma 5.8 is the existence of an extension involving the space E appearing in the homotopy decomposition of Σ 3 C in Lemma 4.6.
Lemma 5.9. There is an extension
for some map e.
Proof. By Lemma 4.6, there is a homotopy cofibration S Recall from (2) that SU (4)
be the triple adjoint of f . Let f 
to S 8 , S 10 and S 15 respectively. We wish to identify f By [16] these generators can be chosen so that π • t 1 is homotopic to 2 ⊕ * and π • t 2 is homotopic to η 2 5 ⊕ 2. So there are homotopy commutative diagrams (11)
On the other hand, since the triple adjoint of ∂ 1 is the Samelson product i, 1 , the triple adjoint of ∂ 1 • t j is t j , 1 for j = 1, 2. Bott [3] calculated that both of these maps have order 4. Thus the left diagram in (11) implies that the restriction of f to S 5 has order 8, and the right diagram in (11) implies that the restriction of f to S 7 has order 8. Thus, taking triple adjoints, f Recall from Lemma 4.7 that there is a homotopy commutative diagram where the left map is the pinch onto the first wedge summand and e is the map from Lemma 5.9. 
